In this paper, a novel varying order NURBS discretization method is proposed to enhance the performance of isogeometric analysis within the framework of computational contact mechanics. The method makes use of higher-order NURBS for contact integral evaluations. Lower-orders NURBS capable of modelling complex geometries exactly are utilized for the bulk discretization.
Abstract.
In this paper, a novel varying order NURBS discretization method is proposed to enhance the performance of isogeometric analysis within the framework of computational contact mechanics. The method makes use of higher-order NURBS for contact integral evaluations. Lower-orders NURBS capable of modelling complex geometries exactly are utilized for the bulk discretization.
This unexplored idea provides the possibility to refine the geometry through controllable order elevation strategy for isogeometric analysis. To achieve this, a higher-order NURBS layer is used as the contact boundary layer of the bodies. The NURBS layer is constructed using the surface refinement strategies such that it is accompanied by a large number of additional degrees of freedom and matches with the bulk parametrization.
The validity of the presented isogeometric mortar contact formulation with varying-order NURBS discretization is first examined through the contact patch test. The capabilities and benefits of the proposed methodology are then demonstrated in detail using two-dimensional frictionless and frictional contact problems, considering both small and large deformations. It is shown that using the proposed method, accurate solutions can be achieved even with a coarse mesh. It is also shown that the current method requires a considerably
Introduction
In the last two decades, NURBS-based isogeometric analysis (IGA) [1] has been established as an advantageous computational technology for various classes of problems, especially to those where the geometric approximation adversely influence the accuracy of the solution. This is attributed to the distinguished intrinsic features of its underlying basis function, viz. the ability to represent complex geometry exactly even with a coarse mesh, variational diminishing and convex-hull properties, tailorable inter-element continuity, and non-negativeness [1, 2] . Contact modelling belongs to one of these classes that has particularly been benefited from the aforementioned features of the IGA technology. Higher-order smoothness of the NURBS discretized geometry directly provides the continuous normal vector field across the boundary of the contact elements.
Thus, eliminates the need of additional contact surface smoothening approaches [3] [4] [5] [6] [7] [8] often utilized in the context of finite element method.
The first investigations on the treatment of contact problems using isogeometric analysis are conducted by Temizer et al. [9, 10] , Lu [11] , and De Lorenzis et al. [12, 13] .
Temizer et al. [9] applied the isogeometric analysis to three-dimensional thermomechnical frictionless contact using the mortar contact formulation. They demonstrated that NURBS based discretization achieves superior results in terms of quality and robustness over its counterpart Lagrange discretization. Their investigation of the classical Hertz contact problem showed that the stress oscillation error near the boundary of the contact zone reduces with increasing the order of NURBS interpolations. However, a very fine mesh is still required to get the result which closely matches with the exact solution.
Moreover, the non-mortar contact formulation is found to be over-constrained in nature and leads to inaccurate results. Lu [11] combined the isogeometric analysis with the segment-to-segment contact formulation presented by Papadopoulos and Taylor [14] . He 2 showed that intrinsically smooth NURBS discretized geometry alleviates the non-physical oscillations of the contact forces and is capable of accurately describing the intricate mechanics of smooth materials such as fabrics. De Lorenzis et al. [12] introduced a mortarbased contact formulation in the context of IGA for the investigation of two-dimensional large deformation contact with Coulomb friction. They demonstrated that the magnitude of the non-physical oscillations of the normal and tangential contact reaction forces reduce on increasing the order of NURBS interpolations. They also showed that the oscillation error in the Hertzian contact stress at the boundary of the contact region is reduced if a very fine mesh is used. Moreover, the distributions of the contact responses obtained with the Lagrange based discretizations are found to be highly sensitive to the interpolation order. Later, De Lorenzis et al. [13] applied IGA to three-dimensional large deformation frictionless contact with the mortar method. The contact constraints are enforced using the augmented-Lagrangian approach [15] . Temizer et al. [10] introduced a three-dimensional mortar-based frictional contact formulation as an extension of works in [9, 12] . Again, it is shown that increasing the order of the NURBS interpolations improves the smoothness of contact reaction forces. A point-to-segment contact formulation for two-dimensional frictionless contact is presented by Matzen et al. [16] , and recently extended to a weighted point-based contact approach for three-dimensional contact [17] , both with the IGA. Many researchers have extensively studied the application of mortar method in the context of IGA [18] [19] [20] [21] [22] [23] , e.g. Brivadis et al. [21] investigated the isogeometric mortar method from the theoretical as well as the numerical point of view. Seitz et al. [22] developed a dual mortar method for isogeometric contact analysis.
Recently, Duong et al. [23] introduced a segmentation-free isogeometric mortar contact formulation. A number of works have explored the application of collocation methods to different contact problem using IGA, e.g. [24] [25] [26] . De Lorenzis et al. [27] presented a detailed review of various isogeometric based treatment procedures for contact problems.
From the above-reviewed literature on contact modelling using IGA, it is evident that NURBS-based discretization delivers significantly superior performance in terms of accuracy, stability, and robustness compared to Lagrange discretization. However, the application of existing NURBS-based discretization approach to isogeometric contact analysis is computationally expensive since due to the rigid tensor nature of the NURBS structures the mesh can only be refined in a global manner. Moreover, the interpolation order of NURBS functions employed for the discretization of the contact boundary layer and for the remaining bulk domain of the geometry has to be uniformly elevated. From the analysis point of view, this may not be desirable since the accuracy of the contact 3 solution is primarily governed by the description of the contact interface. According to literature, to enable the local mesh refinement in the context of isogeometric contact, T-splines [28] [29] [30] [31] [32] [33] , NURBS-based hierarchical refinement [34, 35] , and locally refined (LR) NURBS [36] approaches have been adopted. T-splines have been utilized for studying cohesive/contact interface debonding [31] [32] [33] . Temizer and Hesch [35] , and Hesch et al. [34] used the hierarchical NURBS for the treatment of frictionless and frictional contact, respectively. Zimmermann and Sauer [36] introduced LR NURBS for the analysis of contact computations of solids and membranes. However, the idea to refine the geometry through controllable order elevation strategy remains unexplored as already noted by Temizer et al. [10] .
In the context of finite element contact analysis, to avoid the usage of higher-order NURBS for the bulk description, considerable research progress has been made that combines the intrinsic features of NURBS with the FE discretization [37] [38] [39] [40] [41] [42] . Corbett and Sauer [37, 38] introduced a NURBS-enriched contact element formulation which combines the geometric smoothness of NURBS with the efficiency characteristic of the FE discretization. The potential contact layer of each finite element is locally replaced by a NURBS layer, resulting in "NURBS-enriched contact finite elements." Their work is based on the contact element enrichment strategy of Sauer [43, 44] , which used higher-order Lagrange and Hermite functions on the contact surface. Later, MalekiJebeli et al. [40] proposed a hybrid isogeometric-finite element discretization method where the advantages of NURBS are exploited in two-dimensional cohesive interface contact/debonding. The bulk domain is given by FE discretization. The transition from NURBS to FE discretizations is carried out using the so called "transition elements", originally presented in [37] . Otto et al. [41] proposed a coupled FE-NURBS discretization approach where an auxiliary NURBS layer is placed between the contact zone of higherorder FE discretized contacting bodies. In order to tie the NURBS layer with FE discretization the pointwise and mortar mesh tying approaches are used. Recently, Dias et al. [42] presented a higher-order mortar-based contact element, where the contact interface and bulk are discretized using the hp−FEM. In contrast to enrichment approach of Corbett and Sauer [37, 38] , they used higher-order Lagrange functions as a basis for the discretization of the contact interface, domain, and approximation of the solution field. NURBS are only used to map the position of FE contact layer nodes.
On the other hand, in the context of isogeometric contact analysis, no such effort has been devoted that directly allows the controllable order elevation [10] and accordingly complements the performance of IGA while fully retaining its intrinsic key features.
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In the present work, a novel varying-order NURBS discretization method is thus proposed where the user-defined higher-order NURBS interpolations are used for the contact computations. The minimum-order NURBS capable of representing the complex geometries exactly are used for the description of the bulk domain. To achieve this, a higher-order NURBS layer is used as the contact boundary layer of the body. This, as a result, avoids the application of higher-order NURBS in the region away from the contact interface. The layer is constructed using different surface refinement strategies in such a manner that it is accompanied by a large number of additional degrees of freedom and matches the bulk parametrization. The proposed varying order NURBS discretization method is accordingly denoted by N p −N pc , where N p is the order of the NURBS basis utilized for the description of the bulk domain and N pc , (p c > p) is the order of NURBS for the contact boundary layer. In the current work, this methodology is applied to two-dimensional frictionless and frictional contact problems, considering both small and large deformations. Due to its simplicity, the proposed approach can be conveniently embedded into an existing IGA contact code after only a few modifications.
The mortar method, originally introduced as a domain decomposition technique [45] , ensures the stability of the contact solution and provides optimal convergence rates, see e.g. Fisher and Wriggers [46] , Puso and Laursen [47] , Tur et al. [48] , Hesch and Betsch [49] , and Popp et al. [50] . In this work, the mortar isogeometric contact formulation presented by De Lorenzis et al. [12] is extended for varying-order NURBS discretization. The impenetrability and sticking constraints are enforced in a weak sense at the active control points. For the regularization of the impenetrability and tangential sticking constraints the penalty method is adopted.
The remainder of the paper is structured as follows. In Section 2, the mortar based contact formulation for the large deformation frictional problem in the continuum setting along with the standard NURBS discretization procedure are presented. The varyingorder NURBS discretization method and its implementation into the existing IGA contact code are described in Section 3. In Section 4, three, two-dimensional numerical examples are presented. First example examines the validity of the mortar isogeometric contact formulation with varying-order NURBS discretization using the contact patch test. In the next two examples, the performance of the proposed discretization method is demonstrated using the classical Hertz and large deformation ironing contact problems.
Finally, Section 5 concludes the paper with possible future directions.
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2 Contact problem description and NURBS discretization In this section, first, we present the computational formulation for two-dimensional large deformation frictional contact between two deformable bodies [51, 52] . Next, the existing NURBS-based discretization approach used for the continuum and the contact boundary layer is described. The associated issues are also highlighted.
Computational contact formulation
It is assumed that two hyperelastic bodies, where one of them is denoted as slave, B s , and other as master, B m , come into contact and undergo finite deformations.
The current configuration of body B k , k = {s, m}, is given by 
In the current configuration, the contact surface of body B k is described as Γ closest point projection procedure [53] . In the present formulation, the contact region is pulled back to the reference configuration of the slave contact surface Γ s c0 , henceforth, all the contact integrals will be computed on Γ s c0 . For the unbiased treatment of the contacting bodies, we refer to work by Sauer and De Lorenzis [54, 55] .
The minimum normal gap g N is defined as
Here, x s is a point on the slave surface Γ The tangential relative gapġ T is defined in incremental form aṡ
6 which is in agreement to the time-discretized backward Euler formulation. Here, as well in the following, all the contact quantities will be expressed by default to the current time step t = t n+1 , while the subscript n is used to define quantities at previous step t n .
The contact traction vector t in the current configuration is defined in terms of its normal and tangential components as
In case of g N < 0, the normal contact tractions t N = t · n are activated that avoid the penetration of the contact regions. In order to enforce the impenetrability in the normal direction, following Karush-Kuhn-Tucker (KKT) conditions must be satisfied [52] 
and the KKT conditions for Coulomb friction law in the tangential direction are [52] 
where µ and γ are the Coulomb friction coefficient and tangential slip velocity, respectively.
It is noted that the above-described contact constraints cannot be directly incorporated into the variational form as they lead to the non-smooth relationship between the normal gap and the contact pressure, resulting in a non-smooth normal contact constitutive law. In the present work, the penalty method is adopted for the regularization of the contact constraints defined in Eqs. (4) and (5). The penalty regularized normal contact constraint is defined as
where N > 0 denotes the normal penalty parameter. The regularized frictional contact constraints in the tangential direction yields:
where T > 0 is the tangential penalty parameter. The frictional contact traction is 7 determined based on the classical return-mapping algorithm. The trial tangential traction and contact state are first computed with the assumption that γ = 0
and the status: slip or stick is identified using
Based on the penalty solution method, the contact contribution to the weak form (contact virtual work) is given by
For the evaluation of above contact integral an active set strategy is utilized. The linearization of the contact virtual work δW c , which is necessary for the Newton-Raphson iterative solution method, leads to
Further details, together with the variation and linearization of all quantities such as
, can be found in [12, 52] .
NURBS-based discretization
In this subsection, the existing NURBS-based discretizing procedure used for the continuum and the contact surface in the context of IGA is briefly discussed.
The IGA has emerged as a successful integration of computer-aided-design (CAD) and finite element analysis (FEA) [2] . It utilizes the CAD polynomials as a basis for the modelling of complex geometries exactly and the approximation of unknown solution fields. In the present work, NURBS are used for the discretization of the continuum including the contact surface.
NURBS are built from B-splines. For a given knot vector Ξ i along the ξ i (i = 1, 2) parametric direction, the B-spline interpolations of order p i are defined using the following 8
Cox-de Boor recursive relation [56] :
for
where
} which is a set of non-decreasing value of parametric coordinates, i.e. ξ 
, and w i l > 0 is the weight value. For a specified control points vector,
l=1 , a p th i order NURBS curve along the ξ i parametric direction can be constructed using the linear combination of univariate NURBS interpolations and the control point's coordinate vector as
A bivariate continuum patch is defined by the tensor product of the two univariate NURBS curves defined along the ξ 1 and ξ 2 parametric directions as
where {X lm } n 1 ,n 2 l,m=1 is the coordinate vector of the control points net X. Here, R lm (ξ 1 , ξ 2 ) > 0 is the bivariate NURBS basis function defined as the tensor product of two univariate B-spline basis functions along the ξ 1 and ξ 2 parametric directions as
with
as a normalized weight that is given in terms of weight point w lm and B-spline basis functions. A composition of knot vector with associated control points accompanied by weights constitutes a patch. For in detailed description, we refer to monograph by Pigel and Tiller [56] and Cottrell et al. [2] .
In the context of IGA, a NURBS discretized geometry can be refined by means of knot insertion (h−refinement), order elevation (p−refinement), and k−refinement strategies [1] . Within the knot insertion scheme, an additional knot in the knot vector is inserted. If the inserted knot value is unique, an additional knot-span, consequently an element, without changing the inter-element continuity of the NURBS, is introduced. On the other hand, repetition of knots reduce the smoothness of the NURBS basis functions.
In case of order elevation scheme, the geometry is refined by means of raising the order of the NURBS interpolations. For the elevation of order from p i to p i + t, each knot value is repeated by t times. As a result, the continuity of the NURBS remains unchanged during p−refinement.
The particular order of application of order elevation and knot insertion schemes
yields k−refinement [1] . During k−refinement, first, the inter-element continuity of the NURBS interpolations is increased and then, the additional elements within the given knot vector are introduced. On the other hand, if their application order is reversed, i.e. the knot insertion is performed first before the order elevation scheme [37] , the inter-element continuity of the NURBS remains unchanged and knot values are repeated due to order-elevation. This, as a result, yields a large number of control points compared
to k−refinement strategy.
Within the existing standard NURBS-based discretization approach, to improve the accuracy of the contact solution with a fixed mesh, the interpolation order of the NURBS discretized structure is uniformly elevated. However, this approach is not computationally favorable since the higher-order NURBS used for the approximation of contact integrals have to be employed for the computation of the vast majority of the bulk region away from the contact surface. It therefore becomes desirable to develop an improved NURBS-based discretization method that provides a possibility to perform controllable order-elevation for a NURBS discretized geometry as already suggested in the paper by Temizer et al. [10] . Such a method is proposed in this paper and is described in detail in the next Section.
3 Varying-order NURBS-based discretization
In this section, we introduce the theory for the varying-order NURBS discretization method, followed by the description on its integration into an existing isogeometric contact code.
Varying-order NURBS
The basic concept of the varying-order (VO) NURBS discretization for isogeometric contact analysis is illustrated in basis functions for such an element are defined as
where the normalizing weight is given by
The basis functions in Eq. (18) exhibit the non-negativity property
and they also satisfy the partition of unity property:
Using the isoparametric concept, the basis functions defined in Eq. (18) 
where, u A , δu A and x A are the displacement, its variation and the current coordinate vector corresponding to the A th control point, respectively.
The proposed VO NURBS based discretization approach generalizes the enrichment strategy of Corbett and Sauer [37] , which can be constructed using the current methodol-13 ogy by discretizing the region other than the contact boundary layer with the linear-order NURBS interpolations. Moreover, unlike the enrichment strategy of [37] , the current discretization approach does not require Bézier extraction operator [57] , which is required to enable the incorporation of NURBS basis into the finite element code structure.
Implementation into existing code
For integrating the VO NURBS discretization strategy into the existing isogeometric contact code, only minor modifications are required. First of all, for a given mesh resolution, a p c > p 1 order of NURBS curve representing the contact boundary layer of the body B k is constructed. After that, the parametrization for the initially described p 1 order NURBS contact layer is replaced with that of the newly constructed p c order curve. 
Numerical Examples
In this section, we show the capabilities and performance of the proposed VO NURBS discretization method over the existing standard NURBS discretization approach using three, two-dimensional small and large deformation contact problems. In the first example, the contact patch test is considered to test the validity of the mortar contact 14 formulation for VO NURBS discretizations. Next, the numerical results and the analytical solution of the Hertz contact problem are compared on the basis of accuracy and overall processing time for VO and standard NURBS discretizations. In the final example, a large deformation frictional ironing problem is solved to demonstrate the superiority of the proposed discretization method over the standard approach in terms of accuracy, efficiency, and robustness. 
Contact patch test
The first example considers a simplified form of the contact patch test originally proposed by Taylor and Papadopoulos [62] . The purpose of this example is to verify whether the assemblage of displacement based isogeometric contact elements for VO NURBS discretization is complete. The contact algorithm that passes the contact patch test ensures the convergence of contact solution upon the mesh refinement. Otherwise, solution errors at the contact interface do not necessarily reduce with decreasing the mesh size [63] .
The setup of the patch test, taken from Matzen and Bischoff [17] , is illustrated in To deal with the worst case scenario, the non-conforming mesh at the contact interface is considered as shown in Fig. 2 . For the bulk, second order (p = 2) NURBS are used and the contact boundary is given by p c = 3, and 4 order of the NURBS layer. For the purpose of comparison, quadratic order of NURBS discretization, i.e. N 2 , is employed. Next, to investigate the convergence behaviour of the mortar contact formulation with VO NURBS discretization, the relative vertical displacement error using the L 2 −norm with successively refining the coarsest mesh shown in Fig. 2 is reported. 
Hertz contact problem
In this example, the frictionless contact of an infinitely long cylinder having outer radius R o = 1 and inner radius R i = 0.1 with a rigid surface is considered. The set-up of the problem, adopted from Temizer et al. [9] , is illustrated in Fig. 6 . Due to symmetry, only a quarter of the geometry is considered. The cylinder is subjected to the overall force lie within the 10% surface length of the geometry [9] . First, we compare the results for N 2 −N pc discretizations, where the quadratic order NURBS are used to discretize the bulk domain and p c = 3, and 4 order NURBS are used for the contact boundary layer, with that of the standard N p (p = 3, and 4) order of NURBS discretizations. Temizer et al. [9] and Lorenzis et al. [12] for the classical Hertz contact problem.
Besides comparing the accuracy of the obtained results for VO NURBS to standard NURBS discretization approach, the associated computational cost in terms of the overall analysis time is also investigated. Figure 8 shows the required time for pre-and post-processing (i/o), contact and contact elements computations, and the bulk element computations for both the discretization approaches. The analysis time associated with each discretization is calculated using
Time percentage = total analysis time maximum total analysis time × 100 ,
where the maximum total analysis time is for the standard N 4 order of NURBS discretization at the very fine mesh level (180 × 48) which is the most expensive. within their bulk element computations. The VO NURBS discretization method employs lower-order NURBS for the bulk description. This, as a result, uses a fewer number of degrees of freedom per element during the bulk element computations compared to corresponding standard N p order of NURBS discretization. The degree of freedom density data for both the discretization approaches with different mesh arrangements is given in Table 1 .
From Figs. 7a to 7f, it can be further observed that the distribution of contact pressure curve matches exactly with the analytical solution except at the boundary of contact region. It is affected by the element that lies between the contact and non-contacting region. This is a well known issue for which a number of solution approaches have been introduced, e.g. see [23, 65] . Within the context of IGA, such oscillation error is alleviated if a very fine mesh is used as shown in Figs. 7g and 7h . The present analysis particularly focuses on the use of higher-order NURBS to improve the approximation of the contact pressure at a very coarse mesh. For this, an additional order-elevation refinement scheme over the NURBS discretized contact layer is applied. Performing one and two steps of additional order elevation on N 2 −N 2 results in N 2 −N 2·1 and N 2 −N 2·2 discretizations, respectively. With this, a large number of additional degrees of freedom across the contact interface are introduced due to the repetition of knots during order elevation. The total numbers of degrees of freedom across the contact interface and in the bulk domain for both the discretizations are also listed in Table 1 . 
Frictional ironing problem
The third example considers the ironing problem with two deformable bodies [12] . This
example is used to demonstrate the performance of VO NURBS discretization in terms of accuracy, robustness, and cost of solution with respect to standard NURBS discretization approach for large deformation and large relative tangential motion with Coulomb friction.
The geometric model along with the material details and the boundary condition are shown in Fig. 11 . Three nested meshes, which are shown in Fig. 12 and are denoted as m1, m2, and m3, respectively, are used for the die and the slab. In this example, the die Figure 11 : Setup of the ironing problem along with the geometric and material details, and the boundary conditions.
is first pressed downwards into the slab by uniform vertical displacement U y = −0.2 mm in 10 load steps, and then moved horizontally across the slab by applying a displacement U x = 1.5 mm in 140 load steps. An isotropic, hyperelastic Neo-Hookean material model is considered for both the die and the slab for large deformations. The corresponding constitutive relation is given by [66] 
where F is the deformation gradient, J = det(F ), and I is the identity tensor. In this work, the values for the Lamé constants are defined as λ = 2µν/(1 − 2ν) and µ = E/2(1 + ν). The penalty parameters are taken as N = T = 100 and the coefficient of sliding friction is µ = 0.2. The mortar contact integrals are evaluated using n gp = 10 equidistant quadrature points per contact element.
(a) mesh m1
Figure 12: Three different mesh arrangements considered for the die and the slab. Figure 13 illustrates the horizontal contact reaction force P x and the vertical contact increasing the order of NURBS discretization, i.e. from N 2 to N 4 . The curves of P x and P y are indistinguishable for N 2 −N pc (p c = 3, and 4) and standard N p (p = 3, and 4) order of NURBS discretizations as expected. This is due to employing the same order of NURBS for the evaluation of contact integrals and identical number of degrees of freedom across the contact boundary in both the cases of discretizations. Table 2 Table 3 for both the force components. The oscillation amplitude of reaction forces is computed using ∆P j := max(P j ) − min(P j ), where j = x, y. The associated total computational time for the two discretization approaches is reported in Sec. 4.3.2.
Prediction of contact reaction forces
We now present the results for N 2 −N 2·1 and N 2 −N 2·2 discretizations, where one and two steps of additional order elevation scheme are applied to the N 2 discretized contact boundary layer. Figure 14 shows the variation of the horizontal and the vertical contact Table 2 for degree of freedom details accuracy of contact reaction forces does not only depends on the discretization of the contact surface, but also on the bulk deformations as shown in [37, 38] . In contrast to quadratic-order NURBS N 2 based mesh, bilinear Lagrange finite elements Q1 based mesh suffers from locking. Thus, N 2 −N 2·2 leads to more accurate results than Q1N2.2.
With the obtained results it is clear that the VO NURBS discretization, particularly
, is a more effective strategy than the standard NURBS based discretization approach in the context of IGA and the existing enrichment strategy of [37] for this case. Figure 14 : Variation of (a) horizontal contact reaction force P x , and (b) vertical contact reaction force P y for different discretizations at the mesh level m1.
Computational time
Next, we investigate the reduction in the oscillation amplitude of P x and P y in terms of associated overall computational time upon refining the mesh m1 for the die and slab shown in Fig 12a. Figure 16 illustrates the results for different VO and standard NURBS discretizations with three meshes m1, m2, and m3. The associated total analysis time for each discretization is calculated using Eq. and m2 yield results comparable to N 4 discretizations with the mesh level m2 and m3, respectively. The analysis time for N 2 −N 2·2 is still considerably lower, i.e. 40%, than that for N 4 discretization. It can also be observed that a good convergence behaviour with VO NURBS is achieved.
Conclusion
In the present work, a novel varying-order NURBS discretization method is proposed that provides a possibility to achieve controllable order elevation in the framework of isogeometric analysis. The method makes use of higher-order NURBS polynomials for the evaluation of the contact integrals. Lower-order of NURBS capable of representing the geometry exactly are used for the bulk computations. To achieve this, a higher-order NURBS layer, which accompanies a large number of degrees of freedom and matches with the bulk parametrization, is utilized as the contact boundary layer of the geometry. The (d) Figure 16 : Oscillation error of the horizontal contact reaction force P x (top) and the vertical contact force P y (bottom) with overall analysis time (in %) for different VO and standard NURBS discretizations with three different mesh levels (m1, m2, and m3). The total analysis time for standard N 4 discretization at the mesh level m3 is used as a reference.
isogeometric contact formulation with varying order NURBS discretization is presented in the nonlinear kinematic setting using the mortar method. Non-penetrability and tangential sticking constraints are regularized using the penalty method.
The consistency of the presented isogeometric mortar contact formulation with VO NURBS discretization is verified through the contact patch test. The performance and capabilities of the proposed discretization method are then demonstrated through two-dimensional frictionless and frictional contact problems, considering small and large deformations. Based on the obtained results, it can be concluded that the newly proposed varying-order NURBS discretization method displays a superior performance in terms of accuracy and efficiency compared to that of the standard NURBS discretization approach.
For the same mesh resolution, the proposed method requires a considerably lower computational cost to obtain identical results as that of standard NURBS discretization.
The gain in the efficiency stems from the lower-order NURBS polynomials employed for the computation of the vast majority of the bulk domain that does not come into contact. This gain further improves as the mesh is refined.
It is next shown that the accuracy of the solution significantly improves on applying the additional steps of order elevation to NURBS contact layer. This is attributed to the presence of a large number of additional degrees of freedom across the contact interface which consequently improves the accuracy of contact computations even with a coarse mesh. It is also shown that the associated computational cost still remains considerably lower as compared to the standard NURBS discretization.
Refining the geometry using varying order NURBS is observed to be quite robust for the considered numerical examples. Additionally, a good convergence behaviour is obtained with the proposed discretization method. Simplicity of the current approach allows itself to be conveniently embedded into existing isogeometric contact codes.
Several extensions are considered in the near future. The extension of the proposed VO NURBS discretization method to three-dimensional contact problems within the context of isogeometric analysis is planned. An efficient quadrature technique [67] that adaptively refines the integration domain along the contact boundary of the geometries to further improve the integration accuracy of the contact forces and their tangent contributions with a very coarse mesh can also be incorporated in the current framework.
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